we denote by G r a finite group of rank r defined over F q and assume that G = G l and G r are of "the same type" (see [2, p. 38] ). Similarly, we denote by H r the Levi subgroup of G r contained in H l . Let
H(G, φ) = t∈H χ(det(φ(t))) · λ(tr(φ(t)))
be the Gauss sum restricted to H. Then it is very likely that the Gauss sum G(G l , φ, χ, λ) is a polynomial in q with coefficients involving some H(G r , φ) for r ≤ l. To be more precise, we need a slight modification of the above statement when G is a twisted group. Indeed, the Gauss sum of twisted group G l involves not only H(G r , φ) but also "twisted" H(G r , φ). (Although results in [5] - [13] are not stated in the above form, it is not difficult to translate them into the above. See [14] for details.) We also note that there is an analogous result for classical Lie groups (see, for example, [3, 26.19] ).
The purpose of this paper is to add more evidence for the above conjecture.
When G is the finite general linear group GL n (q) and φ is the adjoint representation Ad : GL n (q) → GL(gl n (q)), using the "parabolic induction", we show that the Gauss sum is Identifying the finite projective general linear group PGL n (q) with the image of Ad, we thus obtain:
where
We note that 1 q−1 L n,0 are polynomials in q. If n and q − 1 are relatively prime, then we also get the Gauss sum for the adjoint representation Ad : SL n (q) → GL(sl n (q)) of SL n (q) using the results for GL n (q). In this case the Gauss sum is
(see Proposition 6.5 for details) and the Gauss sum restricted to H is
Preliminaries and notations.
The main tool of this paper may be called parabolic induction. Thus we describe the Bruhat decomposition of GL n (q) with respect to its parabolic subgroups.
Let P = P l,m (with l, m ≥ 1 and l + m = n) be the parabolic subgroup of GL n (q) given by
and let
where 0 ≤ r ≤ min{l, m} and 1 k is the k × k identity matrix. Let
r ∈ P } and let Q r \ P be a complete set of representatives for the right cosets of Q r in P . Then the following decomposition of GL n (q) into a disjoint union of right cosets of P is well known. (Our decomposition is slightly modified from that of [2, §2.8] .) Lemma 2.1. We have
where t = min{l, m}.
The case P = P n−1,1 will be particularly useful for our purpose. In this case GL n (q) = P P wN where w = σ 1 and N = Q 1 \ P . We recall that
and thus we have
Now we introduce some notation which will be used throughout this paper. We assume P = P n−1,1 and w = σ 1 . For
In this paper we use many equations with summations. For simplicity we use the following notations:
if x ∈ X and n are explicit in those equations. Finally, we consider a 0×0 matrix group as the trivial group, for example, GL 0 (q) = SL 0 (q) = {1}. But the trace of an element of such a group is defined to be zero.
3.
Gauss sum for the adjoint representation of GL n (q). The adjoint representation Ad GL n (q) = Ad : GL n (q) → GL(gl n (q)) of GL n (q) over F q is defined as Ad(x).X = xXx
for x ∈ GL n (q) and X ∈ gl n (q), where gl n (q) is the general linear Lie algebra over F q . The following lemma is supposed to be well known.
P r o o f. Let V be an n-dimensional vector space over F q . Then we may identify GL n (q) with GL(V ) and gl n (q) with
From the above lemma, if we want to get the Gauss sum for the adjoint representation of GL n (q), it is enough to calculate
We denote by H l the standard maximal F q -split torus in GL l (q), that is,
is the Gauss sum restricted to H l . Therefore, we have
The integers D n,l given in the following definition, which appear in our main result (Theorem 3.6), are interesting by themselves. Definition 3.2. We set
for n ≥ 2 and l > 0.
Using "parabolic induction" of GL n (q) we obtain:
for p ∈ N , we have (see the notation in Section 2)
Thus, we may assume b 1n = tr(A ) + t i , and hence
Then, from Lemma 3.3(c), we obtain
for n ≥ 2 and l ≥ 0. Also from the direct calculation we have the identity
Thus we have shown:
Remark. In particular, for n ≥ 2, we have
Definition 3.5. For n, l ≥ 0, we define
Now we state the main results of this paper.
Theorem 3.6. Let n ≥ 2 and l ≥ 0 (if n = 2 we assume l = 0). Then
Theorem 3.6 is proved in Section 4. Using Theorem 3.6, we can compute the Gauss sum for the adjoint representation of GL n (q). To state the result, we define L m,i inductively as follows.
P r o o f. This is a sheer computation and is omitted.
Since the kernel of Ad is the scalar matrix in GL n (q), we can identify the finite projective general linear group PGL n (q) with the image of Ad. Let id be the identification map from PGL n (q) onto the image of Ad. If H l is the standard maximal torus in GL l (q), then Ad(
is a maximal F q -split torus in PGL l (q). Hence the Gauss sum restricted to Ad (H l 
and the Gauss sum for PGL n (q) is
Therefore we have:
Proof of Theorem 3.6.
We begin with some lemmas.
P r o o f. This is obvious. (Recall that λ is nontrivial.)
Lemma 4.2. We have
P r o o f. Dividing the above sum into the sum when x = 0 and the sum when x = 0, we get
Now the result follows from this. Now we prove Theorem 3.6. Part (a) is obvious. For part (b), using the Bruhat decomposition of GL 2 (q) with respect to the parabolic subgroup P = P 1,1 (see Section 2), we have
we obtain
and thus
Now we calculate G n,l in part (c) using the Bruhat decomposition of GL n (q) with respect to the parabolic subgroup P = P n−1,1 (see Section 2). First, we observe that
One can easily see that (4.1)
Therefore it is enough to compute (4.2)
Let A ij be the cofactor of a ij in A and let A be the submatrix of A obtained by deleting the first row and the first column (see Section 2 for the notation). Then
This completes the proof of Theorem 3.6.
Gauss sum for the adjoint representation of SL n (q). The adjoint representation Ad
for x ∈ SL n (q) and X ∈ sl n (q), where sl n (q) is the special linear Lie algebra over F q .
Lemma 5.1. For a given g ∈ SL n (q), we have (a) tr(Ad(g)) = tr(g) tr(g
P r o o f. Let Ad GL n (q) be the adjoint representation of GL n (q) and Ad SL n (q) be the adjoint representation of SL n (q). Note that gl n (q) = sl n (q)⊕ F q · e nn , where e nn = diag(0, . . . , 0, 1). Thus for any g ∈ SL n (q), we get
However, since
This proves our lemma by Lemma 3.1.
By Lemma 5.1, if we want to get the Gauss sum of the adjoint representation of SL n (q), it is enough to calculate
Now we decompose GL n (q) into the disjoint union of left cosets of SL n (q).
Lemma 5.2. Let n and q − 1 be relatively prime. Then
P r o o f. For any g ∈ GL n (q), let det(g) = α. Since n and q − 1 are relatively prime, there is a unique t ∈ F × q such that t n = α. Thus t −1 g ∈ SL n (q) and g ∈ tSL n (q).
From Lemma 5.2, we have
Therefore we get the following lemma.
Lemma 5.3. Let n and q − 1 be relatively prime. Then
For SL n (q), we take H n to be the standard maximal F q -split torus in SL n (q), that is, We note that 1 q−1 L n,0 are polynomials in q. We also note that the finite projective special linear group PSL n (q) is isomorphic to SL n (q), since we are assuming n and q −1 are relatively prime.
